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Coarse-graining makes it hard to see micro-macro entanglement
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Observing quantum effects such as superpositions and entanglement in macroscopic systems re-
quires not only a system that is well protected against environmental decoherence, but also sufficient
measurement precision. Motivated by recent experiments, we study the effects of coarse-graining
in photon number measurements on the observability of micro-macro entanglement that is created
by greatly amplifying one photon from an entangled pair. We compare the results obtained for a
unitary quantum cloner, which generates micro-macro entanglement, and for a measure-and-prepare
cloner, which produces a separable micro-macro state. We show that the distance between the prob-
ability distributions of results for the two cloners approaches zero for a fixed moderate amount of
coarse-graining. Proving the presence of micro-macro entanglement therefore becomes progressively
harder as the system size increases.
PACS numbers: 03.65.Ta, 03.65.Ud
How does the classical world emerge from quantum
physics? It is now widely recognized that decoherence
is one important factor. As the size of physical systems
increases, it becomes harder to isolate them completely
from their environment, and the interaction with the en-
vironment destroys quantum features such as superposi-
tions and entanglement [1, 2]. However, this is not the
only reason why quantum effects are difficult to detect at
the macroscopic scale. Measurement precision also seems
to be essential. For example, in 1979 Mermin [3] studied
a singlet state of two large spins J . He showed that this
state can violate a Bell inequality for arbitrarily large
J , thus proving entanglement and quantum non-locality,
but the necessary angular resolution of the measurements
decreases as 1J , making them harder and harder to per-
form for increasing J . Later Peres [4] showed for the
same state that its spin correlations can be reproduced
by a classical model if the resolution in the measurement
of the spin projections M is much worse than
√
J . Con-
versely, it was shown in Ref. [5] for a closely analogous
multi-photon state that macroscopic entanglement can
be proved by measuring spin (or, more precisely, Stokes
parameter) correlations, provided that the precision of
the photon counters is better than
√
N , where N = 2J
is the total number of photons.
The mentioned results concerned the entanglement of
two macroscopic systems (spins), and they were largely
theoretical, although Ref. [6] succeeded in demonstrating
entanglement for up to 12 photons for states of the form
considered in Ref. [5]. More recently Ref. [7] claimed the
experimental creation and detection of “micro-macro”
entanglement between one photon in one spatial mode
and of order 104 photons in another spatial mode, by
greatly amplifying one photon belonging to an initial en-
tangled pair. In their argument, the authors of Ref. [7]
used very coarse-grained (binary) measurements of their
multi-photon state, in combination with an entanglement
criterion that had been derived for individual photons
(qubits) in Ref. [6]. It was subsequently shown in Refs.
[8, 9] that this criterion is not conclusive in the multi-
photon case because it can also be violated with separa-
ble states. In particular it was shown in Ref. [9] that
for extremely coarse-grained measurements of the type
considered in Refs. [7, 8] a “measure-and-prepare” type
amplification strategy, which destroys all entanglement,
yields results that are indistinguishable from those ob-
tained by a unitary quantum cloner, which creates micro-
macro entanglement in the ideal case.
Demonstrating entanglement in this system with very
coarse-grained measurements is thus impossible, unless
supplementary assumptions are made [10]. On the other
hand, it is clear that under close-to-ideal conditions
micro-macro entanglement analogous to Schro¨dinger’s fa-
mous cat example [11] would indeed be created in the sys-
tem of Ref. [7]. The spin correlation criterion of Ref. [5]
can be adapted to the micro-macro situation. Entangle-
ment could be proved experimentally using this adapted
criterion provided that there is not too much loss, and,
most importantly, that the photon counters can count
large photon numbers with an accuracy at the single-
photon level [8, 9]. However, this becomes very difficult
for large photon numbers. There is thus strong exper-
imental and theoretical motivation to study the effects
of coarse-graining on the observability of micro-macro
entanglement in this system more generally. Is the re-
quirement for single-photon level resolution just an un-
fortunate feature of the particular criterion used in Refs.
[8, 9], or is it more fundamental? This is the question
that we study in the present paper.
Figure 1 is a schematic representation of the sys-
tem that we are considering [7, 8]. A source pro-
duces pairs of entangled photons in two distinct spa-
tial modes A and B in the polarization singlet state,
|ψ−〉 = 1√2 (a
†
hb
†
v − a†vb†h)|0〉, where |0〉 is the vacuum for
2FIG. 1: Schematic of the experiments considered in the present paper. A source produces an entangled photon pair in a
polarization singlet state. Photon A is detected in an arbitrary polarization basis with the help of the phase rotator, polarizing
beam splitter (PBS) and single-photon detectors (SPD). Photon B is amplified, either by a unitary cloner, which preserves the
initial entanglement, or by a measure-and-prepare cloner, which completely destroys the entanglement. The resulting multi-
photon state is detected in a similar way, where the single-photon detectors are now replaced by photon counters which detect
the number of photons in each polarization mode. The coarse-graining parameter σ characterizes the precision with which the
photon number can be measured.
all modes. Identifying the h and v polarization with the
north and south poles of the Bloch sphere, one can in-
troduce modes for general polarization directions char-
acterized by spherical angles θ and φ by the relation
aθ,φ = cos
θ
2e
iφ
2 ah + sin
θ
2e
−iφ
2 av. Equatorial polariza-
tion modes correspond to θ = π/2. Different choices
of the phase φ give different equatorial bases (e.g. left
and right circular polarization, or two orthogonal diago-
nal polarizations), and we will sometimes use the sim-
plified notation aφ ≡ api/2,φ and aφ⊥ ≡ api/2,φ+pi for
the two orthogonal modes corresponding to the basis
defined by φ. The singlet state keeps its form in any
basis, in particular |ψ−〉 = 1√2 (a
†
φb
†
φ⊥ − a†φ⊥b†φ)|0〉 =
1√
2
(|φ〉A|φ⊥〉B − |φ⊥〉A|φ〉B), where we have introduced
the notation |φ〉A ≡ a†φ|0〉 for a single φ-polarized photon
in mode A etc.
The photon in mode A is measured directly. The
photon in mode B is amplified. We first consider the
case where this amplification is done by a unitary phase-
covariant quantum cloner [12]. This type of cloner makes
good copies only of input states that lie on the equator
of the Bloch sphere. It can be realized based on stimu-
lated parametric down-conversion [13]. The Hamiltonian
describing this process is
H = iχb†hb
†
v + h.c. = i
χ
2
(b†2φ + b
†2
φ⊥) + h.c. (1)
It has the same form for any choice of equatorial basis,
which is why the cloning process is phase covariant. Ap-
plying the unitary cloning operation U = e−itH to the
photon in mode B results in the state
U |ψ−〉 = 1√
2
(|φ〉A|Φφ⊥〉B − |φ⊥〉A|Φφ〉B) , (2)
with the multi-photon states
∣∣Φφ〉 =
∞∑
k,l=0
γkl
√
(2k + 1)!(2l)!
k!l!
|2k + 1〉φ|2l〉φ⊥ (3)
∣∣Φφ⊥〉 =
∞∑
k,l=0
γkl
√
(2k + 1)!(2l)!
k!l!
|2k〉φ|2l+ 1〉φ⊥ (4)
with γkl ≡ C−2(−Γ2 )k Γ2
l
, C ≡ cosh g, Γ ≡ tanh g, where
g = χt is the gain of the amplifier, and |2k〉φ is the Fock
state with 2k photons in mode bφ etc. Due to the struc-
ture of H , |Φφ〉 only contains terms with odd numbers of
φ-polarized photons and even numbers of φ⊥-polarized
photons, whereas the opposite holds for |Φφ⊥〉. The two
macro-states |Φφ〉 and |Φφ⊥〉 are thus orthogonal to each
other, and the micro-macro state of Eq. (2) is maxi-
mally entangled, which is consistent with the fact that
the phase-covariant cloning transformation U is unitary.
For more details see [7–10].
In experiments one aims to infer the existence of entan-
glement from the results of measurements, ideally with-
out making assumptions about the process that led to
those results. In this paper we will consider photon
counting measurements, which are formally equivalent
to spin measurements. For example, one can define the
Stokes parameters Jz = b
†
hbh − b†vbv, Jx = b†pi/2,0bpi/2,0 −
b†pi/2,pibpi/2,pi, Jy = b
†
pi/2,pi/2bpi/2,pi/2− b†pi/2,3pi/2bpi/2,3pi/2 for
system B, with σz = |h〉〈h| − |v〉〈v| etc. the correspond-
ing single-photon observables for system A. One can also
define analogous observables for general directions (other
than x, y, z).
Based on the results of Ref. [5], one can show [8] that
all separable states fulfill |〈~σA · ~JB〉| ≤ 〈NB〉, i.e. the
spin-spin correlation between the micro and macro sys-
tems is bounded by the total number of photons in the
3macro system. In contrast, the state of Eq. (2) gives
|〈~σA · ~JB〉|−〈NB〉 = 2. Both ~JB andNB involve measure-
ments of large photon numbers. One sees that if these
measurements are inaccurate by just a few photons, the
presence of entanglement cannot be proven using this
criterion. This leads to the question if the requirement
for single-photon level resolution is a feature just of this
particular criterion, or if it is in fact more general.
Here we address this question by comparing the prob-
ability distributions of results under coarse-graining for
the (entanglement-preserving) unitary phase-covariant
cloner described above, and for (entanglement-breaking)
measure-and-prepare phase-covariant cloners [9, 14] de-
scribed below. For comparing the two cases, we consider
general single-photon polarization measurements charac-
terized by angles θA and φA on A and photon counting
measurements in arbitrary polarization bases θB, φB on
B. Without loss of generality, one can adopt the point of
view that the measurement on A projects the photon in
B before amplification into a well-defined state |θA, φA〉
(because the two initial photons are prepared in a sin-
glet state). The measurement in A thus defines the input
state of the amplifier in B. As the amplification processes
are phase covariant, only the difference φA−φB ≡ ∆φ is
important.
The measure-and-prepare cloners are based on mea-
suring the single photon in mode B in a random equa-
torial polarization basis, and then preparing a multi-
photon state whose form depends on the measurement
result. This procedure clearly destroys the entanglement
between A and B, since a measurement is performed. The
output state of a measure-and-prepare cloner is
ρmp =
1
π
∫
dφ(P+(θA, φA, φ) | Ψφ〉〈Ψφ |
+P−(θA, φA, φ) | Ψφ⊥〉〈Ψφ⊥ |), (5)
where P+(θA, φA, φ) = |〈θA, φA|φ〉|2 and
P−(θA, φA, φ) = |〈θA, φA|φ⊥〉|2 indicates the prob-
ability of getting ± outcome for the measurements
in the equatorial basis characterized by φ, and the
state | Ψφ(⊥)〉 is the multi-photon state that the cloner
generates if the measurement outcome is |φ(⊥)〉.
The state that is prepared depends on the specific
measure-and-prepare cloner considered. For simplicity
we will compare the unitary and measure-and-prepare
cloners for a fixed total number of output photons N .
Since we are considering only photon counting measure-
ments (which project onto subspaces of fixed N in any
case), this does not restrict the generality of our argu-
ment. For the unitary cloner we will thus consider the
states obtained from Eqs. (3-4) by projecting onto a fixed
number N of photons in B. For the measure-and-prepare
cloner we will begin by considering the simplest example,
where one prepares N photons in the state found by the
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FIG. 2: Probabilities of measuring j photons in photon
counter B1 of Figure 1, for a total photon number N = 100,
for both the unitary cloner defined by Eqs. (1-4) and the
measure-and-prepare cloner defined by Eqs. (5) and (6). The
input state |θA, φA〉, which is prepared by the measurement
in A, satisfies θA = pi/2, and the measurement in B satisfies
θB = pi/2 and φB = φA. The probabilities for the unitary
cloner have a distinctive odd-even structure, whereas those
for the measure-and-prepare cloner do not. However, the in-
set shows that when pairs of neighboring photon numbers are
put into non-overlapping bins, the two resulting probability
distribution functions are almost identical.
random equatorial measurement:
| Ψφ〉 =
(
b†φ
)N
√
N !
|0〉. (6)
One can show that such a measure-and-prepare cloner is
asymptotically an optimal phase covariant cloner [9].
Let us begin by discussing equatorial measurements
on A and B, that is θA = θB = π/2. Figure 2 shows the
probability distribution of the outcomes |j〉φB |N−j〉φB⊥
for photon counting measurements in B satisfying ∆φ =
0, for both the unitary cloner and the measure-and-
prepare cloner described above. As we have noted pre-
viously, the unitary cloner has a distinct odd-even struc-
ture. The measure-and-prepare cloner does not. How-
ever, apart from this fine structure the two distributions
are extremely similar. This is made explicit in the in-
set of Fig. 2, where pairs of neighboring photon numbers
were binned into non-overlapping bins. After this moder-
ate amount of coarse-graining, the two distributions are
now almost indistinguishable by the naked eye!
The results for ∆φ = π look identical if one replaces
j by N − j. Because of the phase-covariance of the two
cloners, the probability distribution for general ∆φ can
be expressed in terms of the probability distributions for
∆φ = 0 and ∆φ = π:
P (j,∆φ) = cos2(
∆φ
2
)P (j, 0) + sin2(
∆φ
2
)P (j, π)
+2 sin(
∆φ
2
) cos(
∆φ
2
)
√
P (j, 0)P (j, π), (7)
4where P (j, 0) = j!(n−j)!
( j
2
!n−j−1
2
!)2
and P (j, π) =
t!(n−j)!
( j−1
2
!n−j
2
!)
2 for the unitary cloner, and P (j, 0) =
2·n!
pi(n−j)!j!B (j + 1/2, n− j + 3/2) and P (j, π) =
2·n!
pi(n−j)!j!B (j + 3/2, n− j + 1/2) for the measure-
and-prepare cloner, with B(a, b) = Γ(a)Γ(b)Γ(a+b) the Euler
beta function.
Hence, also for general ∆φ the probability distribu-
tions for the two cloners become essentially indistinguish-
able under the described binning. This implies that in
the presence of a moderate amount of coarse-graining it
is impossible to distinguish the micro-macro entangled
state of Eq. (2) from a completely separable state, if the
measurements for A and B are both on the equator of
the Bloch sphere.
We will now discuss more general measurement di-
rections. For general measurements, we should modify
the measure-and-prepare cloner. That is because the
measure-and-prepare cloner defined by Eq. (6) is not a
good approximation to the unitary cloner for measure-
ments on or near the pole of Bloch Sphere. In fact, the
state generated by the unitary cloner is highly squeezed
with respect to Jz, whereas the state generated by this
particular measure-and-prepare cloner is not. This can
be seen from the form of H in Eq. (1), which clearly does
not change the value of Jz at all, and from expanding the
state of Eq. (6) in the h− v basis. Therefore we modify
the state of Eq. (6) by just keeping the terms with the
smallest values of Jz in order to have a high degree of
squeezing:
|Ψφ〉 = 1√
2(τ + 1)
τ∑
k=0
(eiφ(2k+1)|n− k〉h|n+ k + 1〉v
+e−iφ(2k+1)|n+ k + 1〉h|n− k〉v),
(8)
where the moduli of the coefficients of all terms can be
chosen equal for small τ , n = N+12 , τ indicates how many
terms we are keeping, and the state is written in the h−v
basis. Clearly τ = 0 is the most squeezed case and as it
increases, the state becomes less squeezed. The results
shown below are for τ = 2.
We quantify the distance between the probability dis-
tributions for the two cloners by the Manhattan norm,
which is defined as:
D =
∑
j
|Pu(j)− Pmp(j)| , (9)
where Pu(j) and Pmp(j) are the distributions for the uni-
tary and measure-and-prepare cloner respectively. This
is a global measure of statistical difference between two
probability distributions [15]. We furthermore model the
coarse-graining in this experiment with a basic symmet-
ric overlapping binning, i.e. we consider coarse-grained
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FIG. 3: The distance between the probability distributions
for the unitary and measure-and-prepare cloner, quantified
by the Manhattan-norm distance D of Eq. (9), as a function
of the bin size σ of Eq. (10). The distance decreases with
σ in a way that is almost independent of the photon number
N . As a consequence, as shown in the inset, the distance
decreases faster and faster as a function of the relative error
σ/N , when N is increased. The results shown are for θA =
pi/2, θB = pi/12 and ∆φ = 0, but the behavior is generic, see
text.
probability distributions
P¯ (j) =
P (j − σ−12 ) + ...+ P (j) + ...+ P (j + σ−12 )
σ
,
(10)
where σ is the bin size. For convenience we only con-
sider odd values of σ in the following, and we are us-
ing periodic boundary conditions for j. Other choices of
coarse-graining lead to equivalent results.
Figure 3 shows the distance D between the two distri-
butions as σ is increased. The figure shows the results
for one specific choice of angles, but we have tested over
700 different combinations, exploring all regions of phase
space, and the trend is the same for all choices of an-
gle. One sees that the distance decreases with σ in a
way that is almost independent of N . This means that
in the present system photon number resolution at the
single-photon level is essential in order to see quantum
features. Note that this is consistent with the behavior
for equatorial measurements discussed above (where bin-
ning of neighboring photon numbers is sufficient to make
the distance unobservable). This implies that for increas-
ing N the distance decreases faster and faster in terms
of the relative coarse-graining error σ/N (see the inset of
Figure 3). For increasing N it thus becomes more and
more difficult to distinguish the two cloners, and hence
to prove micro-macro entanglement.
We have seen that a small and fixed amount of coarse-
graining makes the difference between the entangled and
separable micro-macro states unobservable. This is in
contrast to the macro-macro entangled state discussed
in the introduction, where sub-
√
N resolution is suffi-
5cient to prove entanglement [5]. Micro-macro entan-
glement is thus more fragile under coarse-graining than
macro-macro entanglement (at least for these examples),
maybe because there is less entanglement in the state
to begin with (1 ebit here compared to logN ebits for
the macro-macro singlet state). From the experimental
point of view this means that with current technology it
is probably impossible to prove the present kind of micro-
macro entanglement without supplementary assumptions
for large photon numbers using photon counting mea-
surements.
Conceptually, our results strengthen the idea that pre-
cise (non coarse-grained) measurements are generally es-
sential for demonstrating quantum features at the meso-
scopic or macroscopic level. Another well-known exam-
ple is the “cat state”, i.e. the superposition of two co-
herent states of a single bosonic mode [2]. For coherent
states with large amplitudes, the ripples in the Wigner
function that indicate the quantum superposition require
increasingly high resolution for the quadrature measure-
ments in order to be observable. Analyzing the neces-
sary resolution for quadrature measurements, i.e. homo-
dyne detection, for our present example is work for the
future. However, Ref. [16] recently studied the effect
of photon loss, which can be seen as a form of coarse-
graining, and found results that are consistent with ours.
We would also like to mention Ref. [17], where a Bell
inequality violation is predicted for very coarse-grained
measurements. However, the considered measurements
use a strong nonlinear interaction that produces phase
shifts of π between subsequent photon number states,
which corresponds to high resolution in a slightly more
general sense. We would therefore argue that the results
of Ref. [17] are not in contradiction with the hypothe-
sis that high resolution is essential, but rather show that
the concept of coarse-graining should be refined in con-
texts where strong interactions are considered. A more
detailed analysis of this question is also work for the fu-
ture.
We thank J. Davidsen, N. Gisin, F. Sciarrino, and W.
Tittel for helpful comments, and we acknowledge AITF,
NSERC, iCORE, and the Swiss NFS for financial sup-
port.
[1] W. H. Zurek, Physics Today 44, 36 (1991).
[2] W. H. Zurek, Rev. Mod. Phys. 75, 715 (2003).
[3] N.D. Mermin, Phys. Rev. D 22, 356 (1980).
[4] A. Peres, Quantum Theory: Concepts and Methods
(Klouwer, 2002); see also J. Kofler and Cˇ. Brukner, Phys.
Rev. Lett. 99, 180403 (2007) for related results concern-
ing the quantum dynamics of individual large spins.
[5] C. Simon and D. Bouwmeester, Phys. Rev. Lett. 91,
053601 (2003).
[6] H.S. Eisenberg, G. Khoury, G.A. Durkin, C. Simon, and
D. Bouwmeester, Phys. Rev. Lett. 93, 193901 (2004).
[7] F. De Martini, F. Sciarrino, and C. Vitelli, Phys. Rev.
Lett. 100, 253601 (2008).
[8] P. Sekatski, N. Brunner, C. Branciard, N. Gisin, and C.
Simon, Phys. Rev. Lett. 103, 113601 (2009).
[9] P. Sekatski, B. Sanguinetti, E. Pomarico, N. Gisin, and
C. Simon, Phys. Rev. A 82, 053814 (2010).
[10] N. Spagnolo, C. Vitelli, F. Sciarrino, and F. De Martini,
Phys. Rev. A 82, 052101 (2010).
[11] E. Schro¨dinger, Naturwissenschaften 23, 823 (1935).
[12] D. Bruß, M. Cinchetti, G.M. D’Ariano, and C. Macchi-
avello, Phys. Rev. A 62, 012302 (2000).
[13] E. Nagali, T. De Angelis, F. Sciarrino, and F. De Martini,
Phys. Rev. A 76, 042126 (2007).
[14] E. Pomarico, B. Sanguinetti, P. Sekatski, H. Zbinden,
and N. Gisin, New J. Phys. 13, 063031 (2011).
[15] E.F. Krause, Taxicab geometry: an adventure in non-
Euclidean geometry (Dover, 1986).
[16] N. Spagnolo, C. Vitelli, M. Paternostro, F. De Martini,
and F. Sciarrino, Phys. Rev. A 84, 032102 (2011).
[17] H. Jeong, M. Paternostro, and T.C. Ralph, Phys. Rev.
Lett. 102, 060403 (2009).
